We have explicitly demonstrated that scalar coupled Gauss-Bonnet gravity in four dimension can have non-trivial effects on the early inflationary stage of our universe. In particular, we have shown that the scalar coupled Gauss-Bonnet term alone is capable of driving the inflationary stages of the universe without incorporating slow roll approximation, while remaining compatible with the current observations. Subsequently, to avoid the instability of the tensor perturbation modes we have introduced a self-interacting potential for the inflaton field and have shown that in this conext as well it is possible to have inflationary scenario. Moreover it turns out that presence of the Gauss-Bonnet term is incompatible with the slow roll approximation and hence one must work with the field equations in the most general context. Finally, we have shown that the scalar coupled Gauss-Bonnet term attains smaller and smaller values as the universe exits from inflation. Thus at the end of the inflation the universe makes a smooth transition to Einstein gravity.
Introduction
Einstein's general relativity describes the gravitational interaction in its simplest form. Since viability of any theory is based on its falsifiable predictions and consistency with existing observations, one can safely argue that general relativity is the most viable theory of gravitation till date. This is mainly due to the fact that so far general relativity has passed the experimental tests with flying colours [1] [2] [3] [4] . However, as it is necessary for advancement of theoretical sciences, despite its enormous successes, general relativity is also riddled with many open questions. These are scattered across various length scales and include -(a) Behaviour of gravity at small length scales and possible existence of extra dimensions [5] [6] [7] [8] [9] , (b) The strong gravity regime and the breakdown of predictability near the black hole singularity [10, 11] and finally (c) The accelerated expansion of the universe as well as early inflationary epoch and big bang singularity in the context of cosmology [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] . Each of these scenarios are interesting, with broader implications, in their own respect. However in this work we will concentrate on cosmological dynamics in the early stages of the universe. In this particular context there exists several issues among which, flatness of the universe at a large scale, uniformity of the temperature of Cosmic Microwave Background in super-horizon scales are some of the important ones. These problems are believed to be answered in one way or another by the introduction of various inflationary models of our universe [12-15, 22, 23] . According to the standard with the current observations. After answering the above in affirmative, we demonstrate that the scalar coupled Gauss-Bonnet gravity in absence of a self-interacting potential for the scalar field is plagued with the instability of the tensor perturbations. This forces us to introduce the self-interacting potential for the scalar field. In this context we have kept both the Gauss-Bonnet term as well as the self-interacting potential and have demonstrated that the theory supports two different sets of analytic solutions for different choices of scalar field potential and coupling function of scalar field with the Gauss-Bonnet term. One set of solution corresponds to accelerating expansion of the universe and the other one corresponds to deceleration. Interpolating these two sets of self-interacting potential as well as coupling function with the Gauss-Bonnet term, we construct the full form of the scalar field potential and coupling function of the early universe numerically. Using the constructed form of potential as well as the coupling function to the Gauss-Bonnet term, we have finally solved the field equations numerically to arrive at a solution for the Hubble parameter and the scalar field. From these solutions, it is possible to trace over the whole inflationary epoch, which shows an initial de Sitter phase and a final deceleration phase effecting exit from inflation.
This paper is organized as follows -In Section 2 we preview the scalar coupled Einstein-Gauss-Bonnet gravity and the field equations thereof in the context of cosmology. We have also commented on the feasibility of the model without any self-interacting potential in the inflationary paradigm. Interestingly, in Section 3 we have explicitly demonstrated that it is indeed possible to have inflationary scenario without the self-interacting potential and also consistent with observations. While a possible source of instability of this model has been discussed in Section 4. In Section 5 we have introduced a scalar potential and have demonstrated that the theory supports two different sets of analytic solutions for different choices of scalar field potential and coupling function of scalar field with the Gauss-Bonnet term. These results have been used later to present numerical solutions of the Hubble parameter and the scalar field necessary for our purpose. Finally we finish the paper by providing some concluding remarks and future directions of exploration.
Notations and Conventions -Throughout this paper Greek indices have been used to represent fourdimensional quantities. The fundamental constants c and have been set to unity, while the Newton's constant G has been kept throughout. We have adopted the mostly positive signature.
Scalar coupled Einstein-Gauss-Bonnet gravity
We consider a scalar coupled theory of modified gravity, in which the scalar field is non-minimally coupled to the Gauss-Bonnet invariant G = R 2 − 4R µν R µν + R αβρσ R αβρσ in four dimensional spacetime. Therefore in the most general setting, the action for the scalar coupled Einstein-Gauss-Bonnet gravity consists of four terms -(a) The Ricci scalar, (b) The Gauss-Bonnet invariant coupled to an arbitrary function of the scalar field, (c) kinetic term of the scalar field and finally (d) a self-interaction term for the scalar field, such that
where R is the Ricci scalar obtained from the metric g µν , Φ is the scalar field under consideration and G, defined earlier, is the Gauss-Bonnet invariant. The non-topological character of the Gauss-Bonnet term in the above action is ensured by the coupling function between the scalar field and the GaussBonnet term, symbolized by ξ(Φ). One possible origin of the term ξ(Φ)G is from the compactification of a higher dimensional spacetime to an effective four dimensional description, where Φ plays the role of the radion field. The above can be argued along the following lines, in the high energy limit and in higher spacetime dimensions, the Gauss-Bonnet term is a natural candidate besides the Einstein-Hilbert term in the gravitational action. Given the higher dimensional action it is customary to derive an effective four dimensional action by integrating out the contributions from extra dimensions. This generically results into potential for the inter-brane separation (known as the radion field), which in presence of the Gauss-Bonnet term must couple to the four dimensional Gauss-Bonnet invariant G in the Einstein frame, resulting into the desired term in the four dimensional gravitational action. Variation of the above action, presented in Eq. (1), with respect to the metric and the scalar field results into the following field equations for gravity and the scalar field individually,
Φ − ∂ξ ∂Φ
As expected, the gravitational field equations do not contain more than second order derivatives of the metric and hence is intrinsically ghost free, resulting into stability of the model. At this stage, there are two possibilities where one may apply the above general analysis. The first one corresponds to the effect of the ξ(φ)G term in the black hole physics, where higher curvature terms may become important. This has been studied extensively in the literature in the past few decades in various contexts, starting from hairy black hole solutions to their observational implications in various astrophysical processes [83] [84] [85] [86] [87] [88] . The second arena to search for the effect of scalar coupled Einstein-Gauss-Bonnet gravity is in the inflationary paradigm, where also the higher curvature effects are supposed to be important [67] [68] [69] [70] . In this work we will concentrate on the inflationary paradigm and hope to understand the same in the context of scalar coupled Gauss-Bonnet gravity. Even though there exists several works in this teritory, however we will try to address the same from a different perspective altogether. In particular, we will first try to understand the inflationary paradigm in the premise of ξ(Φ)G term alone, without the potential term V (Φ) for the scalar field (also known as the inflaton field) in the action. In particular, we will examine whether the inflationary era of the early universe can be triggered due to the presence of the non-trivial coupling of the scalar field with the Gauss-Bonnet term alone, without any self-interacting inflaton potential. Kepping this mind, we note that the inflationary paradigm requires the background spacetime to be described by a homogeneous and isotropic metric, which takes the following form,
where the scale factor a(t) solely governs evolution of the spacetime structure. For such a metric, the expression for the Ricci scalar R and the Gauss-Bonnet invariant G can be easily computed, which results into,
with H =ȧ/a and 'dot' denotes derivative of the respective quantity with respect to time. In order to be consistent with the symmetry of the background spacetime it is necessary that the inflaton field be dependent on the time coordinate alone, i.e., Φ = Φ(t). Finally, using the expressions for the Ricci scalar and the Gauss-Bonnet invariant from Eq. (5), along with the Ricci and Riemann tensor for the spacetime metric presented in Eq. (4), the field equations can be simplified and they turn out to be,
It is evident that due to the presence of the Gauss-Bonnet term, cubic as well as quartic powers of H(t) appear in the above field equations. Further due to Bianchi identity and conservation of matter energy momentum tensor, all the three field equations presented above are not independent, but one of them can be derived from the other two. For example, one can derive Eq. (7) by differentiating Eq. (6) with respect to the time coordinate and then using Eq. (8) to replaceΦ. Similarly, using Eq. (6) and Eq. (7) it is possible to derive Eq. (8) as well. Moreover, it is well known that Einstein-Gauss-Bonnet gravity in 4-dimensions reduces to standard Einstein gravity, the additional terms being topological in nature. In the present case as well, if the function ξ(Φ) is assigned a constant value (essentially no coupling), the above field equations would immediately reduce to the corresponding field equations in the Einstein gravity since the contribution from the GaussBonnet term becomes trivial. This shows the internal consistency of this model.
The best way to describe the inflationary paradigm is through the slow-roll approximation imposed on the scalar field, which requiresφ 2 φ andφ φ . Under these approximations the gravitational field equation for the scale factor a(t), presented in Eq. (6), simplifies considerably and it becomes possible to solve forφ, yieldingφ
On the other hand, the field equation for the scalar field, as in Eq. (8), under the slow-roll approximation equates 3HΦ toḢ + H 2 . Therefore by substituting the expression forφ from Eq. (9) one immediately obtains the following result forḢ + H 2 ,
The above expression explicitly shows thatä/a =Ḣ + H 2 is a negative quantity, since neither H, nor (∂ξ/∂Φ) are imaginary. The above result ensures that under slow-roll approximation, it is impossible to arrive at an inflationary solution for our universe in this context. One would therefore tend to introduce a self-interacting potential term to achieve the desired slow-roll inflation. However, we will show that even in the absence of such a self-interacting potential one can still have inflationary solutions compatible with current observations without going into the slow-roll approximation. This is what we will elaborate in the next section.
Inflation without a self-interacting potential
This section is devoted to the study of inflationary paradigm in the absence of self-interacting potential, but with a non-minimal coupling of the scalar field with Gauss-Bonnet invariant. As we have argued before, the slow-roll approximation can not lead to an inflationary paradigm and hence we would now like to go beyond this approximation. To set the stage, let us first ask whether it is possible to have any solution for ξ(Φ) with constant Hubble parameter in absence of potential term for the inflaton field. If this can be achieved then only one can proceed further and try to obtain a complete inflationary scenario which is compatible with the current observational constraints.
Possibility for constant Hubble parameter
In this section we will concentrate on the possibility of having constant Hubble parameter (i.e., H(t) = H 0 = constant), which is consistent even without the potential term for the inflaton field. In other words, we have to use the fact that Hubble parameter is constant, in the field equations for gravity as well as the scalar field and then inspect whether a non-trivial solution for ξ(Φ) can be obtained. Keeping this in mind, we rewrite Eq. (6) and Eq. (7) in the following manner,
Given the above equations one can eliminate theΦ 2 term from both of them and obtain the following second order differential equation for ξ(t), 2ξ + 10H 0ξ − 3 = 0. It is straightforward to solve for ξ(t) given the above equation and it turns out to be,
where A and B are constants of integration. The above solution for ξ(t) when substituted in Eq. (11) immediately leads to the following first order differential equation for Φ(t),
The above equation can be readily integrated yielding the following solution for the inflaton field Φ(t) as,
Note that in order to have a real solution it is of utmost importance to have A > 0, otherwise the term within the square root will turn negative. For A > 0 one will have non-trivial time evolution for the inflaton field as well as for the coupling ξ(Φ) as evident from Eq. (15) . Therefore, the scalar coupled Einstein-Gauss-Bonnet gravity without any self-interaction term for the scalar field is capable of producing exponential expansion of the universe. However there is one major shortcoming of the above result, namely it does not predict when the inflation will end. It is easy to determine from Eq. (15) that after a time
However the model can not explain any natural mechanism to exit from the inflation before t = t f . Therefore, in order to describe the inflationary era of the early universe consistently it is necessary for the inflation to end and the duration of inflation, represented by the number of e-foldings, must be in consonance with the recent Planck observations.
Inflation with an exit
In this section, we will demonstrate that it is indeed possible to have a proper inflationary phase in the early universe described by the scalar coupled Einstein-Gauss-Bonnet gravity without any self-interacting scalar potential. For this purpose, we first consider the simpler scenario presented in Section 3.1. As evident from Eq. (13) and Eq. (15) it is not possible to write ξ = ξ(Φ) in a closed form, since the solution for Φ(t) is a transcendental equation. Therefore, in the more general context we should not expect a simple closed form expression for the coupling function ξ(Φ).
Given this difficulty, we will employ the well known reconstruction scheme in order to arrive at a viable inflationary model in the present context [46, [89] [90] [91] . For completeness we provide here a brief description of the same. In the reconstruction scheme one normally assumes that it is possible to learn about the expansion history of the universe in an exact manner and subsequently one inverts the field equations to deduce what class of modified theories can give rise to the desired cosmological epochs. The reconstruction scheme has been successfully applied in f (R) theories of gravity to determine the functional form for f (R), which can give rise to viable late time as well as inflationary cosmologies. The above method has also been used in the Galileon as well as Horndeski theories to determine unknown parameters, which will make these theories consistent with observations in the cosmological background [92] [93] [94] . Taking a cue from the above we have also employed the reconstruction scheme in order to determine viable choices for ξ(Φ) which can provide a complete inflationary paradigm within the context of scalar coupled Einstein-Gauss-Bonnet gravity.
Let us work out the general methodology of the reconstruction method, which we will subsequently apply to some specific situations. As a first step, one starts with a particular ansatz for the time dependence of the Hubble parameter H(t) and ensures that it is consistent with the observational constraints, i.e., it predicts correct value of the scalar to tensor ratio and the power spectrum. Given the Hubble parameter, one can immediately eliminateΦ between Eq. (6) and Eq. (7) respectively. This results into the following second order differential equation for ξ(t)
One can integrate the above equation by multiplying both sides by the integrating factor, which reads,
Therefore multiplying both sides of Eq. (16) by the integrating factor e P one can immediately integrate the above second order differential equation for ξ(t) yielding,
Finally integrating the above differential equation once again we arrived at,
where C 1 and C 2 are constants of integration. Thus having derived the coupling function ξ(t) the time evolution of the scalar field follows from the following differential equation
At this stage, it deserves mentioning that at initial stages of the inflation, the Hubble parameter is almost constant and hence one may assume H = H 0 = constant. This situation has already been discussed in Section 3.1 and one may derive the relevent results by settingḢ = 0 in Eq. (19) and Eq. (20) respectively. So far, we have kept our discussion completely general and have not specified any particular choice for the Hubble parameter H(t). The choice for the Hubble parameter cannot be arbitrary, as it must satisfy the following condition: at the onset of inflation the Hubble parameter must take nearly constant values. Further keeping in mind that a natural exit from the inflationary dynamics is necessary, here we propose a time dependent ansatz for the Hubble parameter as follows:
where c, d and α are the free parameters of the theory. The time scale t * is assumed to represent the onset of inflation and as evident from the above ansatz, for t ∼ t * the Hubble parameter is almost constant with H ∼ c α . Therefore at the beginning of inflation we have a very small value forḢ which will subsequently grow and will be order of the Hubble parameter requiring the inflation to end. Therefore, we may introduce a dimensionless variable (t) as −Ḣ/H 2 . From the previous discussion it is clear that 1 at the onset of inflation, while ∼ 1 as the inflation ends. This ensures thatḢ + H 2 > 0 throughout the course of inflation. Using the explicit form of the Hubble parameter H(t) from Eq. (21), the parameter (t) can be computed such that,
Since the Hubble parameter and hence c α is much larger than unity it follows that for t ∼ t * , is much smaller compared to unity. The above expression of (t) can also be used to determine the end of inflation as well. For this we assume that the exit time of inflation, i.e., t f is being determined by the equation (t f ) = 1. This immediately leads to the following expression for ∆t = t f − t * , corresponding to the duration of inflation as,
Moreover, Eq. (22) clearly reveals that (t) remains less than unity for t * < t < t f . Therefore the above ansatz for Hubble parameter can describe the evolution of the universe during inflationary epoch quite well. The parameter starts from a small value at t ∼ t * and then grows to become order unity as t ∼ t f and then the universe exits from inflation.
In order to be compatible with precision observations associated with the inflationary paradigm [95, 96] , it is crucial to compute various parameters of experimental interest, for which the number of e-foldings in the present context reads
In order to arrive at the last line, the solution for H(t) from Eq. (21) has been used in order to perform the integral in the definition of the number of e-foldings. Substitution of the time span for inflation from Eq. (23) further simplifies the above expression and one finally obtains the number of e-foldings as follows:
It turns out that the associated observables, namely the tensor to scalar ratio r and the spectral index of curvature perturbation n s can be determined using the number of e-foldings and parameter α appearing in the expression for Hubble parameter. Therefore, using Eq. (25) and Eq. (21) it is straightforward to determine the tensor to scalar ratio and the spectral index of curvature perturbations as,
In order to derive Eq. (26) and Eq. (27) respectively, we have used the expression for the number of e-foldings that has been obtained in Eq. (25) . From current precession cosmology one has the following bounds on the tensor to scalar ratio r and the spectral index of curvature perturbation n s : n s = 0.968 ± 0.006 and r < 0.14 respectively. The above constraints essentially originate from the joint analysis of temperature cross correlations in the Cosmic Microwave Background and the weak gravitational lensing obtained from Planck satellite [95, 96] . Using Eq. (26) and Eq. (27) , it can be easily shown that in order to have the theoretical estimates to be consistent with the observational results, N and α should be equal to 60 and 3 5 respectively. Putting these values of N , α into Eq. (26) and Eq. (27), we obtain the following numerical estimates for r and n s such that, r = 0.10 and n s = 0.970, which are well within the experimental bounds. Therefore the Hubble parameter as presented in Eq. (21) is indeed compatible with current observational bounds, provided the parameter α 3/5. Thus using the reconstruction scheme we have been able to determine a suitable Hubble parameter, which we will use subsequently to determine the coupling function ξ(Φ).
Given the Hubble parameter it is straightforward to obtain the differential equation determining the time evolution of the coupling function ξ(Φ) using Eq. (16) . The computation of individual coefficients ofξ and the ξ independent term requiresḢ, which for the Hubble parameter presented in Eq. (21) with α 3/5 becomes,Ḣ = (−3d/5){c − d(t − t * )} −2/5 . Therefore the differential equation satisfied by the potential ξ(φ) becomes,
The above second order linear differential equation can be solved by evaluating the associated integrating factor, which in this scenario reads,
Therefore, multiplying the second order differential equation for the coupling function ξ(t), presented in Eq. (28), by the integrating factor it can be integrated once, resulting into,
which will result into incomplete Gamma functions. This in turn provides the expression forΦ from Eq. (6). However, due to the complicated nature of the differential equations for ξ(t) and Φ(t), as evident from Eq. (30), it is not possible to obtain an analytic solution, unlike the case of constant Hubble parameter. Therefore, we have solved both the differential equations for ξ(t) and Φ(t) using numerical techniques and have presented the results in Fig. 1 . As evident from Fig. 1 , the scalar field decreases with time, which is expected, since at the beginning of the inflationary paradigm the scalar field was at the Planck scale, while as the inflation progresses the scalar field attains lower and lower values. An identical scenario also takes place for the coupling function ξ(Φ), which also shows a decreasing nature with time. Furthermore, if the Gauss-Bonnet invariant is taken into account, the object ξ(Φ)G starts decreasing with time. This is partly due to the decrease of ξ(Φ) but also due to the rapid fall of the Gauss-Bonnet invariant with time, since the curvatures decreases rapidly with time as the inflation comes to an end. Therefore it turns out that the Gauss-Bonnet invariant alone is capable of driving the inflation.
Instability of the Model
It would have been really interesting if this becomes the end of the story. However unfortunately it turns out that despite having such intriguing features the above model faces a serious difficulty, namely stability of this model against perturbations. In particular, the tensor perturbations in the above spacetime grow rapidly [97] . To see the above, one of the natural possibility is to analyse the sound speed derived from the evolution equation for tensor perturbations. The expression for the sound speed tailored to our present context with arbitrary choice for ξ(Φ) reads,
whereξ = (∂ξ/∂Φ)Φ. The expression forξ can also be derived from Eq. (16) and can be used to obtain, On the other hand, the Gauss-Bonnet invariant G decreases with time and as a consequence the term ξ(Φ)G (depicted by the red, dot-dashed curved) also decreases with time and remained saturated at the final value. A similar behaviour is also seen in the time evolution for the scalar field Φ and is depicted by the green, thick curve. See text for more discussions.
where, is the slow-roll parameter −Ḣ/H 2 . The above expression when substituted in Eq. (31) for sound speed yields,
Therefore throughout the inflationary epoch, we have 1 and hence c 2 s is negative. Thus irrespective of the choice of the Gauss-Bonnet coupling function ξ(Φ) there is an instability in the tensor perturbation. As a consequence the fluctuations in the tensor modes will grow rapidly and hence the above model without a self-interacting potential for the inflaton field can not lead to a viable inflationary scenario. Thus it is necessary to include a self-interacting term in the Lagrangian in order to explain the behaviour of the perturbations in a consistent manner.
Inflation with a self-interacting potential
We have just described the instability of the tensor perturbation in absence of a self-interacting potential for the scalar field, this being a strong motivation towards introduction of such a self-interacting potential, even though the scalar coupled Gauss-Bonnet term alone can provide a consistent inflationary scenario (keeping aside the perturbations). Thus in this section we will explore the possible solutions of the field equations consistent with inflationary paradigm in presence of such a self-interacting potential. This will result into modifications of the gravitational field equations, which in turn will modify Eq. (6) and Eq. (8) respectively, while Eq. (7) will remain unchanged. In particular the right hand side of Eq. (6) will get modified by the introduction of 8πG V (φ) term, while the left hand side of Eq. (8) will inherit an additional ∂V /∂φ term. Given these modifications we are now in a position to study effect of both these terms on the inflationary epoch. Alike the previous scenario with the Gauss-Bonnet term alone, in the present context as well the inflationary paradigm and slow-roll approximation for the scalar field are incompatible with each other as we will demonstrate below. In the slow-roll approximation we neglectΦ andΦ 2 terms in comparison with Φ and hence the field equation as in Eq. (6) yields,
Note that this is in complete contrast with the normal situation without the Gauss-Bonnet term, where the same equation would yield H 2 ∼ V (Φ). On the other hand,Ḣ can be obtained from Eq. (7), such that the slow-roll parameter becomes,
Thus if we neglect the Gauss-Bonnet term then of course this is a very small quantity and the normal inflationary paradigm would follow. But in presence of the Gauss-Bonnet term the above slow-roll parameter is always ∼ O(1) and hence it is not possible to have accelerated expansion of the universe while respecting slow-roll approximation. Thus one must abandon the slow-roll approximation if the non-trivial effects of the Gauss-Bonnet term in the early universe cosmology is asked for. This suggests to take an identical route as in the previous scenario. However due to the complicated nature of the field equations, unlike the previous situation here we will not employ the reconstruction scheme, rather should provide viable choices for the potential V (Φ) as well as the coupling function ξ(Φ) for which analytical solutions can be obtained. We would again like to emphasize that we are not neglecting the Gauss-Bonnet term while considering inflationary paradigm, rather we are keeping both the self-interacting potential and the Gauss-Bonnet term to have an initial accelerated expansion of the universe as well as a final deceleration signifying end of the inflationary epoch.
Accelerated expansion with a quadratic potential
As a first choice it is convenient to consider a quadratic potential for the scalar field, i.e., the potential function V (Φ) involves a constant contribution and a quadratic part proportional to Φ 2 . A similar form for the coupling function ξ(Φ) is also suggestive. However the field equations involves derivative of ξ(Φ) and hence the constant term in ξ(Φ) plays no role. This implies the following form of the scalar field potential and the coupling function,
where the subscript '1' denotes that the above corresponds to the first set of solutions. Furthermore, V
0 , V stands for arbitrary parameters in the theory, which needs to be determined later. Substituting the above form of the potential function V 1 (Φ) and ξ 1 (Φ) into the field equations, one easily obtains the following solutions of the scalar field and the Hubble parameter as,
Here, the unknown parameters namely λ and V
(1) 1
can be obtained in terms of the constant Hubble parameter H 0 as well as ξ (1) 0 as,
while the parameter Φ 0 remains undetermined. As evident, constant value for the Hubble parameter ensures that the scale factor scales exponentially with time, i.e., a(t) = exp(H 0 t). Thus the solution corresponds to accelerating phase of the universe. Furthermore it is straightforward to determine the time evolution of the self-interacting potential V 1 (Φ) as well as the coupling function ξ 1 (Φ) using the time evolution of the scalar field. This ensures that V (Φ) has a constant piece and the rest of the part decays exponentially with time, while ξ(Φ) also decays exponentially. Thus at later stages of inflation these potentials must be replaced with some other scalar potentials, allowing for decelerated expansion of the universe, which we consider in the subsequent section.
Power law expansion and deceleration
In this section we will discuss another set of solutions for the scalar field and the scale factor, given some appropriate form for the scalar potential as well as the coupling function. We assume that the potential is an exponentially decaying function of the scalar field, while the coupling function is an exponentially growing one. The growing behaviour is necessary since we would like to keep the Gauss-Bonnet term relevant even at the end stages of inflation. (Note that the Gauss-Bonnet term alone should have negligible contribution at the end of inflation as the curvatures has become quite small.) Thus for our purpose we consider a different form of the scalar field potential and the coupling function,
where the subscript '2' is just to remind us that this corresponds to the second set of solutions. In the above expression V
0 , Φ 0 and ξ
are the model parameters. It can be easily verified that the field equations for gravity plus scalar field is satisfied provided the time dependance of the scale factor and the scalar field corresponds to
where n < 1. One can easily check thatḢ + H 2 for this particular case is negative and thus corresponds to the decelerating scenario at the end of the inflation. Since it is normally believed that the end of inflation results into a radiation dominated universe, it is legitimate to assume n = 1/2. However for the moment we will keep n arbitrary. The field equations also result into several constraints connecting the free parameters present in the model. In particular, the parameter ξ gets determined in terms of the other free parameters as,
Finally plugging the solution for the time evolution of the scalar field into the expressions for the selfinteracting potential as well as coupling function one gets both of them as a function of time:
Thus as in the previous scenario here also the scalar field potential decays with time but as a power law, while the interaction potential depicts a growth with time.
Estimation of parameters associated with the inflationary scenario
Having described the two situations, one depicting accelerated expansion of the universe at the early stages of inflation and the other providing a decelerating phase marking the exit from inflationary paradigm, we concentrate on estimation of various parameters in the model. The inflationary paradigm comes into existence at very early stages of the universe and it lasted from t in ∼ 10 −11 GeV −1 to t end ∼ 6 × 10 −8 GeV −1 . Thus we assume that the potential V 1 (Φ) existed for an initial phase of the inflationary epoch which we choose to be in the range 10 −11 GeV −1 < t < 10 −8 GeV −1 , while the other potential V 2 (Φ) appeared in the end stages of the inflationary scenario and was effective for t > 6 × 10 −8 GeV −1 . During the regime 10 −8 GeV −1 < t < 6 × 10 −8 GeV −1 , there must be an intermediate potential interpolating between these two regimes, which we will determine later using numerical techniques. Along identical lines the coupling potential ξ(Φ) also has two different behaviour in the two distinct regimes. We will have ξ(Φ) = ξ 1 (Φ) for 10 −11 GeV −1 < t < 10 −8 GeV −1 , while the coupling function becomes, ξ(Φ) = ξ 2 (Φ) for t > 6 × 10 −8 GeV −1 . In the intermediate region we will numerically construct an interpolating coupling function that matches with both ξ 1 (Φ) and ξ 2 (Φ) appropriately at both ends.
The above process of interpolation requires appropriate choices for the values of the free parameters present in our model. As far as the first situation is considered, the relevant parameters are the Hubble parameter H 0 and the decaying parameter λ in the solution of the scalar field (see Eq. (39) for a detailed description), both having mass dimension one. The choice of these parameters are also connected with the observational viability of this model and hence it must have number of e-foldings ∼ 60. Since the number of e-foldings correspond to integration of Hubble parameter over the entire duration of inflation, it follows that H 0 6 × 10 9 GeV. Using the scalar field solution presented in Eq. (39), one can verify that the energy density (ρ) of the scalar field Φ varies as ρ ∼ exp (−2λt) with time. Again the energy density of the scalar field can be written in terms of the scale factor yielding, ρ ∼ a −3 = exp(−3H 0 t), if we assume that the scalar field behaves like ordinary matter, since for the same the energy density is proportional to cubic inverse of the scale factor. Thus consistency of the above two relations for the energy density of the scalar field demands λ to be equal to 3H 0 /2. Thus the parameter λ becomes, 9 × 10 9 GeV. Similarly using Eq. (40), we immediately obtain both ξ in terms of the other parameters, namely H 0 and λ. Returning to the post inflationary scenario we concentrate on the second set of solution given by the the potential V 2 (Φ) and ξ 2 (Φ) respectively, presented in Eq. (41) and Eq. (42) . As evident we can choose the initial time instant to be located at t 0 ∼ 10 −8 GeV and hence the parameter V (1/8πG). The rest of the parameters can also be accordingly determined. As a consequence we can interpolate both the potential and the coupling function in the intermediate region.
Numerical solutions in the interpolating region
Given the structure of the potential as well as the coupling function in the initial and final stages of inflation, we would like to provide a complete picture by interpolating between these regions. Due to complicated nature of the equations governing the evolution of the scalar field and the scale factor in a general context, we will determine the interpolating function using numerical techniques and shall illustrate the same. In particular, taking the Planck mass to be M pl = 10
19 GeV and the expressions for potential in the early and late stages of inflation, we interpolate the potential function for 10 −11 < t < 6 × 10 −8 GeV −1 , which has been presented in Fig. 2 . Note that the axes in Fig. 2 are rescaled according to convenience, namely x-axis corresponds to a "rescaled" time coordinate obtained as ∼ 10 9 t which is in GeV −1 unit, while the y axis corresponds to "rescaled" potential, which is in GeV 4 unit. It is evident that the potential function is smooth everywhere and decays with time.
Similarly substituting the values of various parameters presented into Eq. (37) and Eq. (42), one gets the coupling ξ(Φ) within the two time scales, 10 −11 < t < 10 −8 GeV −1 as well as for ξ(Φ) with t > 6 × 10 −8 GeV −1 respectively. Using the above two expressions, the time variation of the coupling function for the intermediate region can also be determined by interpolation. However rather than the coupling function, the combination ξ(Φ)G, where G is the Gauss-Bonnet invariant is of more importance and has been presented in Fig. 3 , where the x axis correspond to "rescaled" time. As evident from Fig. 3 there exist an intermediate region where the effect of the coupling function times the Gauss-Bonnet invariant attains a maximum value. Thus during the inflationary epoch it is not at all justified to ignore the effect of the Gauss-Bonnet term. On the other hand, as the universe exits from the inflationary epoch, the combination attains a fairly constant value and thus one may use it in the context of quintessential inflation. By using these forms of the scalar field potential and the coupling function, we are next going to solve the field equations for the Hubble parameter (or, equivalently the scale factor) as well as the scalar field numerically to understand their behaviour. Given the gravitational field equations involving only first order time derivatives of the Hubble parameter H(t), a numerical solution of the same requires one boundary condition. Choosing the initial value of the Hubble parameter H(t) as the inverse of the duration of the inflationary epoch i.e., H(0) ∼ 0.6 × 10 9 GeV, we obtain the required solution as depicted in Fig. 4 . As in the earlier plots, in Fig. 4 as well the x and y axes are rescaled such that the "rescaled" Hubble parameter ∼ 10 −9 H in GeV unit. The figure explicitly demonstrates that the Hubble parameter at the initial stages remained almost constant, signifying a very small value for the parameter (t), while at the later stages the Hubble parameter decreases with time and finally results into deceleration signifying an exit from inflationary paradigm. Thus we can safely argue that the numerical solutions obtained above indeed matches with the analytic one both at the beginning and at the end of the intermediate region.
The above numerical solution of the Hubble parameter can be immediately integrated providing the evolution of scale factor a(t) with respect to time. However in the context of inflation it is more convenient to depict the solution forä/a, the acceleration parameter of the universe, which has been presented in Fig. 5 . Here the y-axis of Fig. 5 corresponds toä(t)/a(t) associated with the "rescaled" Hubble parameter. From the above figure, one can easily conclude that the inflation ends near aboutt ∼ 6 × 10 −8 GeV Figure 5 : The above figure presents the variation of the acceleration parameterä/a with time. As evident in the initial stages of inflation, the acceleration was almost constant, while the acceleration decreases as time passes by and finally it turns negative around t ∼ 6 × 10 −8 GeV −1 . This presents the exit from inflation.
for the only remaining bit, i.e., the scalar field equation numerically. Given the scalar field potential as a function of time as well as the scalar field as a function of time one can eliminate time from the two and hence plot the potential as a function of the scalar field. This is what we have presented in Fig. 7 , where the scalar field as well as the potential have been "rescaled" in an appropriate manner. In order to match the numerical solution for the scalar field with the analytic ones, we use suitable boundary conditions on Φ andΦ respectively. From Fig. 7 , it is clear that the scalar field rolls down the scalar potential V (Φ) in a rapid manner and hence it is completely consistent with our earlier findings that slow-roll approximations will not work here. Finally for t > 6 × 10 −8 GeV −1 , the potential becomes flat and the field exits from inflation. This is completely consistent with our analytical estimates as well. Thus from Eq. (39) and Eq. (43) , one can easily conclude that just like the Hubble parameter, the numerical solution of scalar field also matches with the analytic one near about the beginning and the end stages of inflation. Expression for the Ricci scalar R = 6(2H 2 +Ḣ) implies that it varies as 1/t 2 at the end of the inflation and consequently the ratio of ξ(t)G/8πGR ∼ O(10 −27 ) just after the end of inflation. Thus once the universe exits from inflationary period, the Gauss-Bonnet term (coupled with the scalar field) can be safely ignored with respect to the Ricci scalar and hence the universe is dominated only by Einstein's gravity.
Concluding Remarks
In this work we set out to explore the influence of the Gauss-Bonnet term on the inflationary paradigm. In particular, even though the Gauss-Bonnet term alone in four dimension is topological in nature, a non-trivial coupling of the same with the inflaton field can influence the evolution of the universe. To understand the effect of the coupling of the Gauss-Bonnet term in some detail we consider a particular scenario in which the self-interacting potential for the inflaton field is absent. By solving the associated field equations we could explicitly show that the above model indeed exhibits an exponential expansion of the universe. Subsequently, using the powerful reconstruction technique, we have been able to argue that the Gauss-Bonnet term coupled with a scalar field can indeed drive the inflation of the universe, while also providing an exit. The above model also turned out to be consistent with current observations. However, the scalar coupled Gauss-Bonnet term encounters difficulty when one considers evolution of tensor perturbations and in general circumstances we have been able to demonstrate that it will always be unstable. This motivates us to introduce the self-interacting potential for the scalar field. Unlike the results derived in earlier literatures, here we have considered the effect of the Gauss-Bonnet invariant as well as the scalar potential on the inflationary paradigm. Having derived the initial accelerating phase and the final decelerating phase we have interpolated the behaviour of the Hubble parameter, the scalar field and the potential between these two phases numerically. It turns out that in both these contexts, with or without the potential, the scalar coupling to the Gauss-Bonnet term gradually decreases to small and constant value. This essentially makes the Gauss-Bonnet term having negligible influence and hence it goes out of the dynamical picture, thereby the evolution of the universe is governed by the Einstein term alone.
